
Subspace-Based Identification of Linear Time-Varying System

Z. Y. Shi∗

Nanjing University of Aeronautics and Astronautics,

Nanjing, People’s Republic of China

S. S. Law†

Hong Kong Polytechnic University,

Hong Kong, People’s Republic of China

and

H. N. Li‡

Nanjing University of Aeronautics and Astronautics,

Nanjing, People’s Republic of China

DOI: 10.2514/1.28555

A physical parameter identification method for the linear time-varying system is presented in this paper. For an

arbitrarily time-varying system, a series of Hankel matrices are established directly from the combined

measurements of displacement, velocity, and acceleration together with the input excitations from a single

experiment with the system. The time-varying equivalent state–space system matrices of the structure at each time

instance are then identified by singular value decomposition using the free or random responses. A time-varying

transformationmatrix for transforming the identified equivalent systemmatrices into the physical systemmatrices is

developed to determine themass, stiffness, and dampingmatrices. Details of the proposed approach are investigated

with a two degrees-of-freedom spring-mass-damper systemwith three kinds of time-varying parameters. Numerical

results show that the proposed method is accurate and effective in identifying time-varying physical parameters.

Nomenclature

b = input shape matrix
Ca, Cv, Cd = output index matrices for the measurement of

acceleration, velocity, and displacement,
respectively

E�t� = time-dependant damping matrix of the system
G�k� 1; k� = discrete-time state transition matrix
H�k� = discrete-time input influence matrix
I = unit matrix
K�t� = time-dependant stiffness matrix of the system
M�t� = time-dependant mass matrix of the system
ni = the number of input force signals
n0 = the number of output signals
T�t� = transformation matrix
U�k� = input influence matrix
u�t� = input force vector
x�t� = displacement response vector
_x�t� = velocity response vector
�x�t� = acceleration response vector
Y�k� = Hankel matrix
y�k� = output vector at discrete-time step k
y�t� = output vector
z�k� = state vector at discrete-time step k
z�t� = state vector
��k� = observability matrix of the system at discrete-

time step k

Superscripts

H = Hermitian transpose of a matrix
T = transpose of a matrix
� = Moore–Penrose inverse of a matrix

I. Introduction

L INEAR time-invariant (LTI) models are usually appropriate
and commonly used to describe the dynamic behavior of most

structural systems. Many damage detection methods have been
developed based on the LTI model by confirming changes in the
modal parameters of structures between predamage and postdamage
vibration tests [1–5]. However, a structural system always
accumulates damage due to service loading or environmental
excitations. Some mechanical parameters of the systems are time
dependent, such as stiffness, damping, and so on, and the dynamic
characteristics of structural systems are time varying. Under such
circumstances, a linear time-varying (LTV) model would better
capture the instantaneous dynamic behaviors and track the time-
varying parameters of structural systems for assessing the conditions
of the system or to diagnose for any potential failure. The
identification of linear time-varying systems has received increasing
attention recently due to its important application in electrical,
communication, control, mechanic, and civil engineering.

Existing methods for identifying modal parameters can be
categorized as time-domain methods and frequency-domain
methods. Frequency-domain methods are popular and predominant
in engineering practice. Time-domain methods are usually useful
and necessary in the analysis of complex structures with many close
modes and multichannel measurement. These methods included the
Ibrahim time-domain method [6,7] and the polyreference method
[8]. State–space system identification methods offer reliable models
for complex multivariable dynamic systems directly from measured
data. The Eigensystem realization algorithm (ERA) [9,10] was
developed to identify modal parameters using noisy measurement
data from theMarkov parameters. The singular value decomposition
(SVD) of the Hankel matrix was used to extract the system matrices.
A recursive algorithm of the ERAwas later proposed in [11]. Liu and
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Miller [12] proposed the observability range space extraction
identification algorithm based on the Q-Markov covariance
equivalent realization [13] and the ERA identification algorithms.
A SVD-based identification method with several important
applications was discussed in [14]. Overschee and Moore [15]
proposed the numerical algorithm for subspace state–space system
identification. Different types of subspace-based methods could be
found in [16–18]. Chui andMaciejowski [19] provided an algorithm
to find stable approximation to a least-squares problem to ensure the
stability of the subspacemethods. Huang et al. [20,21] developed the
identification algorithm to extract the equivalent state system
matrices based on theERAand the autoregressivewith an exogenous
model using the combined measurements of displacement, velocity,
and acceleration data. Also a modal identification system based on
the vector backward autoregression with an exogenous model was
proposed in [22].

However, all the aforementioned studies have been limited to the
identification of LTI systems. Some efforts have been made to
develop identification algorithms for time-varying linear or
nonlinear systems based on different approaches, such as the
Hilbert–Huang transform method [23–25], the adaptive tracking
method [26–29], the wavelet-based method [30,31], and the state–
space method [32–34]. Compared with the identification algorithm
for the LVI system, existing identification methods for the LTV
system still exhibit many weaknesses and are not ready for real
application. Further investigation and development of a robust and
practical identification algorithm for the LTV system is necessary
and desirable.

For using the state–space method, some authors have extended
identification algorithms from LTI systems to LTV systems.
Shokoohi and Silverman [35] developed a solution at consecutive
time instances to identify the state–space model formed using
impulse response data. Verhaegen and Yu [36] extended this
solution to the identification of the state–space model to extract
successive discrete transition matrices of a LTV system based on a
subspace-based algorithm from an ensemble of input and output
data. A typical subspace-based discrete-time state–space technique
was proposed to identify linear time-varying systems [32]. The
algorithm focuses on the time-varying transition matrix that shares
the same eigenvalues as the original transition matrix. A series of
Hankel matrices is formed from an ensemble set of responses
obtained through multiple experiments on the system with the same
time-varying behavior. Singular value decomposition is used to
extract observability range spaces. The shift invariance structure
preserved in two successive extracted subspaces is used to estimate
the time-varying transition matrix at a time instance. Liu [33] further
introduced the concept of pseudomodal parameters to characterize
the dynamics of LTV systems, and extended his previously
proposed algorithm to include the forced responses in the tidentifi-
cation of the pseudomodal parameters. Experimental verification
studies on an axially moving cantilever beam were subsequently
addressed in [34].

Existing identification algorithms for the LTV systembased on the
state–space method have the assumption that multiple experiments
are conducted on the system with parameters undergoing the same
variation. This assumption is not feasible with some LTV systems,
especially for the mechanical system or civil structural system. To
overcome this limitation, a subspace-based identification algorithm
for the linear time-varying system is developed by using a set of free
response data or random excitation response data. A nonsingular
transformation matrix is proposed to extract real system matrices
from equivalent system matrices estimated by the proposed
subspace-based identification algorithm. The paper is organized as
follows. Section II introduces the state–space model of the LTV
system. Section III develops a subspace-based identification
algorithm to identify discrete transitionmatrices and systemmatrices
using only a set of free response sequences or random excitation
response sequences. A transformation matrix is developed to extract
the equivalent systemmatrices in Sec. IV. Section V presents several
numerical examples to illustrate the proposed method. Section VI
gives a brief conclusion.

II. State–Space Model of the LTV System

The equation of motion of a p-degrees-of-freedom (DOF) LTV
system can be expressed as

M�t� �x�t� � E�t� _x�t� � K�t�x�t� � bu�t� (1)

The output equation for the same p-DOF LTV system can be
represented as

y�t� � Ca �x�t� � Cv _x�t� � Cdx�t� (2)

where y�t� can be a combination of different types of responses such
as �x�t�, _x�t�, and x�t�.

A state vector consisting of displacement and velocity vectors is
defined as

z�t� � f x�t� _x�t� gT (3)

Equations (1) and (2) can be transformed into the state–space
equation of motion and output as follows:

_z�t� � A�t�z�t� � B�t�u�t� (4)

y�t� � C�t�z�t� �D�t�u�t� (5)

In the above equations, A�t� is the 2p � 2p system matrix, B�t� is
the 2p � ni input matrix,C�t� is the n0 � 2p output influencematrix,
andD�t� is the n0 � ni direct transmission matrix, respectively. The
matrices A�t�, B�t�, C�t�, and D�t� are expressed as

A�t� � 0 I
�M�1�t�K�t� �M�1�t�E�t�

� �
(6a)

B�t� � � 0 M�1�t�b �T (6b)

C�t� � Cd � CaM�1�t�K�t�
Cv � CaM�1�t�E�t�

� �
T

(6c)

D�t� � CaM�1�t�b (6d)

If the excitation and response signals aremeasured at discrete-time
instances with a sampling interval �t, the continuous time domain
can be discretized into a finite number of time steps. Let tk � k�t
(k� 1 toN). The response z�tk� at step k is simply described as z�k�.
The corresponding discrete-time state–space representation can be
transformed from Eqs. (4) and (5) as follows:

z�k� 1� �G�k� 1; k�z�k� �H�k�u�k� (7)

y�k� � C�k�z�k� �D�k�u�k� (8)

in which G�k� 1; k� is the 2p � 2p discrete-time state transition
matrix from step k to step (k� 1), and H�k� is the 2p � ni input
influence matrix at step k.

It is noted that matrices G�k� 1; k� and H�k� are time varying,
and they can be obtained as [37]

G�k� 1; k� 	 exp�A�k��t� (9)

H�k� 	 �G�k� 1; k� � I�A�1�k�B�k� (10)
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III. Subspace-Based Identification Algorithm
for the LTV System

This section is concerned with the identification algorithm for the
LTV system. A subspace-based identification is proposed based on
the discrete-time state–space model using one set of free vibration
response data or random excitation response data.

It is assumed that only one set of experimental data has been
obtained from the LTV system. The excitation and response signals
are described by u�k� and y�k�, (k� 1; 2; . . . ; N), respectively. A
general block Hankel matrix Y�k� and input influence matrix U�k�
are formed using the output response vectors and input force vectors
as

Y�k�

�

y�k� y�k� 1� 
 
 
 y�k� n � 1�
y�k� 1� y�k� 2� 
 
 
 y�k� n�

..

. ..
. . .

. ..
.

y�k�m� 1� y�k�m� 
 
 
 y�k�m� n � 2�

2
6664

3
7775
mn0�n

(11)

U�k�

�

u�k� u�k� 1� 
 
 
 u�k� n � 1�
u�k� 1� u�k� 2� 
 
 
 u�k� n�

..

. ..
. . .

. ..
.

u�k�m� 1� u�k�m� 
 
 
 u�k�m� n � 2�

2
6664

3
7775
mni�n

(12)

where m and n are two selected coefficients that guarantee the
observability and controllability of the system. Subscripts mn0 and
mni denote the products of m and n0, and m and ni, respectively.

A. Identification Algorithm Based on Free Vibration Response Data

For the free vibration system, the discrete-time state–space
equations can be simplified from Eqs. (7) and (8) as

z�k� 1� �G�k� 1; k�z�k� (13)

y�k� � C�k�z�k� (14)

UsingEqs. (13) and (14), theHankelmatrix in Eq. (11) can bewritten
as

Y�k� � ��k�Z�k� (15)

where Z�k� � � z�k� z�k� 1� z�k� 2� 
 
 
 z�k� n� 1� �2p�n,
and the observability matrix ��k� of the system is

��k� �

C�k� C�k� 1� 
 
 

C�k� 1�G�k� 1; k� C�k� 2�G�k� 2; k� 1� 
 
 

C�k� 2�G�k� 2; k� C�k� 3�G�k� 3; k� 1� 
 
 


..

. ..
. ..

.

C�k�m � 1�G�k�m� 1; k� C�k�m�G�k�m; k� 1� 
 
 


2
666664

3
777775
mn0�2np

(16)

An assumption is made that the system undergoes the same time-
varying properties during the time intervals; that is, � k k�m � 1 �,
� k� 1 k�m �; . . . ; � k� n � 1 k� n�m� 2 �. The observ-
ability matrix of the system can then be simplified as

��k� �

C�k�
C�k� 1�G�k� 1; k�
C�k� 2�G�k� 2; k�

..

.

C�k�m � 1�G�k�m� 1; k�

2
666664

3
777775
mn0�2p

(17)

The Hankel matrix Y�k� 1� can be formed using response
sequences from k� 1 to k�m� n� 1, and a similar observability
matrix ��k� 1� is obtained as

��k� 1� �

C�k� 1�
C�k� 2�G�k� 2; k� 1�
C�k� 3�G�k� 3; k� 1�

..

.

C�k�m�G�k�m; k� 1�

2
666664

3
777775
mn0�2p

(18)

If�2�k� 1� is taken to be the firstm � 1 block rows of��k� 1� and
�1�k� to be the last m � 1 block rows of ��k�, it is easily found that

�2�k� 1�G�k� 1; k� � �1�k� (19)

and

G�k� 1; k� � ��2�k� 1�����1�k�� (20)

In practical implementation, the SVD method is used to
decompose the two Hankel matrices Y�k� and Y�k� 1� as

Y�k� � R�k�
X
�k�VT�k�;

Y�k� 1� � R�k� 1�
X
�k� 1�VT�k� 1�

(21)

in whichR�k� andV�k� are the orthogonal matrices withmn0 �mn0
dimension and n � n dimension, respectively,

P
�k� � diag���k�1;

��k�2; . . . ; ��k�s; 0 
 
 
 0� is the mn0 � n diagonal singular value
matrix. When the free vibration signals are free of noise, the number
of the nonzero singular values s is equal to 2p. When the response
signals are contaminated by noise, the number of the nonzero
singular values will be equal to min�mn0; n�. It is known that the
diagonal matrix

P
�k� contains the first 2p significantly large

singular values and the rest are small when the signal-to-noise ratio is
high or moderate. It can also be proved [32] that

Rs�k�
X
s

2�k�RHs �k� 	 ��k��Z�k�ZH�k����k� (22)

in which Rs�k� is formed using the first s columns of R�k�,
P

s�k� is
formed from the first s singular values of matrix

P
�k�, and s is equal

to 2p. Equation (22) shows that Rs�k� forms an orthogonal basis for
the observability range space.

Rs�k� � ���k� (23)

in whichmatrix ���k� has the same range space as that of matrix��k�.
The corresponding discrete-time state transition matrix �G�k� 1; k�
can be obtained as

�G�k� 1; k� � �Rs2�k� 1����Rs1�k�� (24)

where Rs2�k� and Rs1�k� are formed using the first �m � 1�n0 block
rows of Rs�k� 1� and the last �m� 1�n0 block rows of Rs�k�,
respectively. �G�k� 1; k� is similarly equivalent to the state
transitionmatrixG�k� 1; k� through a transformationmatrix,which

2044 SHI, LAW, AND LI



will be introduced in the next section. Also, the equivalent system

matrix �A�k� can be solved using Eq. (9) at the discrete-time instant k.

B. Identification Algorithm Based on Random Excitation Response
Data

The assumption that the system exhibits the same time-varying
properties during different time intervals remains valid in the
following derivation. When random excitation response signals are
used, the Hankel matrix in Eq. (11) and the input influence matrix in
Eq. (12) can be rewritten based on Eqs. (7) and (8) as

Y�k� � ��k�Z�k� ���k�U�k� (25)

in which the observability matrix of the system is the same as that in
Eq. (17), and��k� is amn0 �mnimatrix with the ith blockmatrix in
the jth column of the matrix given by

�ij�k�

�

8>><
>>:

0; i < j
D�k� i� 1� i� j
C�k� i� 1�H�k� j� 1� i� j� 1

C�k� i� 1�G�k� i� 1; k� j�H�k� j� 1� i > j� 1

(26)

An important step of the algorithm is to extract the range space of
the observabilitymatrix. To extract the observability range space, the
part of outputZ�k� that does not originate from the stateY�k�needs to
be eliminated. In other words, the second term on the right-hand side
of Eq. (25) has to be removed. Thus, a full row rank matrixU?�k� is
defined such that U?�k� is normal to U�k� or U�k�U?�k� � 0 [33],
with

U?�k� � I � UT�k��U�k�UT�k���1U�k� (27)

Postmultiply Eq. (25) with U?�k�, we have

Y�k�U?�K� � ���k�Z�k� ���k�U�k��U?�k� � ��k�Z�k�U?�k�
(28)

The range space of the observability matrix is then obtained from
Y�k�U?�K� as

���k� � range�Y�k�U?�k�� �

�C�k�
�C�k� 1� �G�k� 1; k�
�C�k� 2� �G�k� 2; k�

..

.

�C�k�m � 1� �G�k�m � 1; k�

2
666664

3
777775

(29)

If the response data from the time instances (k� 1) to (k�m) are
used, matrices Y�k� 1�, ��k� 1�, ��k� 1�, and U�k� 1� are
related as

Y�k� 1� � ��k� 1�Z�k� 1� ���k� 1�U�k� 1� (30)

The observability matrix ���k� 1� can also be obtained in a similar
way as

���k� 1� �

�C�k� 1�
�C�k� 2� �G�k� 2; k� 1�
�C�k� 3� �G�k� 3; k� 1�

..

.

�C�k�m� �G�k�m; k� 1�

2
666664

3
777775

(31)

Also if matrix ��2�k� 1� is taken to be the first m� 1 block rows of
���k� 1� and ��1�k� to be the last m � 1 block rows of ���k�,
respectively, it is easily found that

�� 2�k� 1� �G�k� 1� � ��1�k� and

�G�k� 1; k� � � ��2�k� 1���� ��1�k��
(32)

where �
�� denotes the Moore–Penrose inverse of �
�.
In practical implementation, the SVDmethod is used to extract the

range space of ���k� or ���k� 1�.

Y�k�U?�k� � R�k���k�VT�k� (33)

Y�k� 1�U?�k� 1� � R�k� 1���k� 1�VT�k� 1� (34)

According to the properties of the SVD, the first s� 2p column of
R�k� andR�k� 1� give a set of the base vectors for the range space of
���k� and ���k� 1�, respectively.

Rs�k� � ���k� (35)

Rs�k� 1� � ���k� 1� (36)

The discrete-time state transition matrix �G�k� 1; k� can then be
obtained as

�G�k� 1; k� � �Rs2�k� 1����Rs1�k�� (37)

where Rs2�k� and Rs1�k� are formed using the first �m � 1�n0 block
rows of Rs�k� 1� and the last �m� 1�n0 block rows of Rs�k�,
respectively. �G�k� 1; k� is similarly equivalent to the state
transitionmatrixG�k� 1; k� through a transformationmatrix,which
will be introduced in the next section.

To extract the range space of matrix ��k�, another simple
formulation of �?�k� is given similar to matrix U?�k� as

�?�k� � I � ��k���T�k���k���1�T�k� (38)

Premultiplying Eq. (25) by �?�k� results in

�?�k�Y�k� � �?�k����k�Z�k� ���k�U�k�� � �?�k���k�U�k�
(39)

Thus

��k� � ��?�k����?�k�Y�k��U�k��� (40)

Because matrix ���k� has the same range space as matrix ��k�, a
similar equation can be written as

���k� � � ��?�k��� ��?�k�Y�k��U�k��� (41)

where ���k� gives the same base vectors for the range space of��k�.
When matrix ���k� is calculated using Eq. (35), matrix ���k� can be
obtained from Eq. (41).

Let ��1�k� be formed using the first ni column of matrix ���k�, and
��2�k� be formed using the last �m� 1�n0 rows of matrix ��1�k�.
Matrix ��2�k� can be expressed as

��2�k� �

�C�k� 1� �H�k�
�C�k� 2� �G�k� 2; k� 1� �H�k�
�C�k� 3� �G�k� 3; k� 1� �H�k�

..

.

�C�k�m � 1� �G�k�m� 1; k� 1� �H�k�

2
666666664

3
777777775

� ��2�k� �H�k� (42)

Thus

�H�k� � � ��2�k��� ��2�k� (43)

�H�k� is similarly equivalent to the input influence matrix H�k�
through a transformationmatrix, whichwill be introduced in the next
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section. Furthermore, the system matrix �A�k� and the input matrix
�B�k� can be solved using Eqs. (9) and (10) at the discrete-time

instance k when the matrices �G�k� 1; k� and �H�k� are calculated
from Eqs. (37) and (43), respectively.

IV. Extraction of Equivalent System Matrix

As mentioned in the above section, matrix pair �A�k� and �B�k�
estimated using the proposed identification algorithm is equivalent to
the matrix pair A�k� and B�k� of the system. The equivalent matrix

pair �A�k� and �B�k� has the same dynamic characteristics as A�k� and
B�k�. To obtain the system matrix A�k� and the input matrix B�k�, a
nonsingular transformation matrix is introduced [33].

z�t� � T�t�zm�t� �
T1�t�
T2�t�

� �
zm�t� (44)

in which zm�t� is a new state vector describing the state–space of the
estimated model and T�t� is the transformation matrix. Hence, the
following relationships can be obtained:

A�t� � T�t� �A�t�T�1�t� (45a)

B�t� � T�t� �B�t� (45b)

C�t� � �C�t�T�1�t� (45c)

D�t� � �D�t� (45d)

Substituting Eqs. (6a) and (44) into Eq. (45a), we get

T2�t� � T1�t� �A�t� (46)

M�1�t�K�t�T1�t� �M�1�t�E�t�T2�t� � �T2�t� �A�t� (47)

Substituting Eqs. (6b) and (44) into Eq. (45b), we get

� CaM�1�t��K�t�T1�t� � E�t�T2�t�� � CdT1�t� � CvT2�t� � �C�t�
(48)

Substituting Eqs. (46) and (47) into Eq. (48), we get

CdT1�t� � CvT1�t� �A�t� � CaT1�t� �A2�t� � �C�t� (49)

Matrix T1�t� can then be obtained as

T1�t� � C�d �C�t� � C�v �C�t� �A�1�t� � C�a �C�t�� �A�1�t��2 (50)

Based on Eqs. (46) and (50), the transformation matrix T�t� in
Eq. (44) can be rewritten as

T�t� � C�d
�C�t� � C�v �C�t� �A�1�t� � C�a �C�t�� �A�1�t��2

C�d
�C�t� �A�t� � C�v �C�t� � C�a �C�t� �A�1�t�

� �
(51)

The system matrix and the input matrix can then be easily

calculated using Eqs. (45a) and (45b). Defining matrices ~A�k� and
~B�k� as the estimated system and input matrices, respectively, they
can be obtained as

~A�k� �
~A11�k� ~A12�k�
~A21�k� ~A22�k�

� �
� 0 I
� ~M�1�k� ~K�k� � ~M�1�k� ~E�k�

� �

(52)

~B�k� �
~B1�k�
~B2�k�

� �
� 0

~M�1�k�b

� �
(53)

in which ~M�k�, ~K�k�, ~E�k� are the estimated mass, stiffness, and
damping matrices at the discrete-time instant k, respectively, and
they can be obtained from Eqs. (52) and (53) as

~M�k� � b� ~B2�k��� (54)

~K�k� � �b� ~B2�k��� ~A21�k� (55)

~E�k� � �b� ~B2�k��� ~A22�k� (56)

Fig. 1 Two degrees of freedom lumped mass model.

Fig. 2 Comparison of true values and the identified results estimated

for the smoothly time-varying system.

2046 SHI, LAW, AND LI



V. Simulation Results

To illustrate the effectiveness and accuracy of the proposed
identification algorithm, a lumpedmass model with the two degrees-
of-freedom system shown in Fig. 1 is selected for the case study. The
lumped mass coefficients of the model are assumed constant, which
are m1 �m2 � 1 kg. The damping and stiffness coefficients of the
model are assumed as time varying. Two kinds of response
sequences are calculated from the numerical solution of the equation
of motion using the Newmark method. One is the free vibration
response which is simulated with an initial velocity and acceleration
at the two lumped masses as _x0 � 1:0 m=s and �x0 � 1:0 m=s2.
Another is the random response from the two lumped masses under
normally distributed random excitation. The sampling rate of time
series data is 1000 Hz. Acceleration responses are used to estimate
time-varying parameters with the proposed identification algorithm.

The numerical examples cover three different types of time-
varying systems. They are 1) smoothly varying system: the damping
and stiffness variations are E1�t� � 1:5� 0:05t Ns=m, E2�t��
1:2 Ns=m, K1�t� � 4000 � 50t N, K2�t� � 1600 N; 2) abruptly
varying system: the variations are E1�t� � 1:5 Ns=m, E2�t��
1:2 Ns=m, K1�t� changes abruptly at t� 1:0 s from the original
value of 3000 N to the new value of 2600 N, K2�t� � 1600 N; and
3) periodically varying system: the damping and stiffness variations
are E1�t� � 1:0 Ns=m, E2�t� � 0:8 Ns=m, K1�t� � 4000�
50 sin�3t� N, K2�t� � 3000� 50 sin�3t� N.

For the smoothly time-varying system, damping and stiffness
coefficients are estimated with the proposed identification algorithm
using free vibration response signals and random response signals.
The response data are not corrupted with noise. Figure 2 shows a
comparison between the true value (solid line) and the identified
results from free response data (dotted line) and random response
data (dash–dotted line). The estimated damping and stiffness
coefficients are shown in Figs. 2a and 2b, respectively. Results show
that the proposed identification algorithm has a good capability of
tracking the parametric changes of the system. The estimated results
from using the free vibration responses are more accurate than those
estimated by using the random responses during the whole
identification time period.

For demonstrating the ability of the proposed method with noisy
data, the response signals are assumed to be contaminated with zero
mean Gaussian noise. The signal-to-noise ratio (SNR) is defined as

SNR � srs=sn

where srs denotes the standard deviation of the response signal and
sn is the standard deviation of the added noise. In the actual
implementation, the numerical response is calculated and its srs is
found. sn is determined from a given SNR. A standard Gaussian
white noise with a unit standard deviation is then generated and
multiplied with the value sn. It is then added to the response to
produce the “measured” response.

Fig. 3 Comparison of true value and the identified damping coefficient

E1�t� estimated for the smoothly time-varying system (SNR� 50).

Fig. 4 Comparison of true value and the identified stiffness coefficient

K1�t� estimated for the smoothly time-varying system (SNR� 50).
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We assume all response data are corrupted by noise with a SNR
equal to 50. The above three different types of time-varying systems
are studied and the identified results are shown in Figs. 3–7. The
identified result using free vibration response is denotedwith a dotted
line, the result identified using random vibration response is denoted
with a dash–dotted line, and the corresponding true value is denoted
with a solid line in each figure.

Figures 3 and 4 show the estimated damping coefficients and
stiffness coefficients of the smoothly time-varying system,
respectively. It can be observed that the identified damping and
stiffness coefficients are close to the corresponding true values when
using free vibration response data or random response data. The
present identification algorithm has a good tracking behavior on the
smooth change of the damping and stiffness of the system when the
response data are corrupted with noise. It is also observed that the
estimated results from free vibration response in Figs. 3a and 4a are
closer to the true values than those estimated from random response
in Figs. 3b and 4b. The identified results in Figs. 3a and 4a turn out to
have larger fluctuations at the end of the time duration. It is due to the
fact that the free vibration response suffers attenuation under the
action of the system damping.

Figure 5 shows the identified results for the abruptly time-varying
system. The abrupt jump in the stiffness coefficient of the system can
be tracked using the proposed identification algorithm using either
free vibration response data or using random response data. The
estimated results with the dotted line shown in Fig. 5a or estimated
results with the dash–dotted line shown in Fig. 5b show an abrupt

change in the stiffness from 3000 to 2600 N, which matches with the
corresponding true changes denoted with the solid line at t� 1:0 s.
However, it is noted that there exists a larger identification error at the
time instance when the system stiffness has an abrupt change. This
indicates that the proposed algorithm has poor capability in tracking
abrupt variations due to the assumption that the system exhibits the
same time-varying properties during the time intervals in the
development of the parameter identification equation in Secs. III.A
and III.B.

The identified results for the periodically time-varying stiffness
coefficientsK1�t� andK2�t� are shown in Figs. 6 and 7, respectively.
It can be seen that the dotted lines (estimated by using free response
data) in Figs. 6a and 7a or the dash–dotted lines (estimated by using
random response data) in Figs. 6b and 7b are found varying around
the solid lines (the true values). The proposed method is shown to be
capable of tracking the periodical change of stiffness during the
whole time duration. It is noted that there is a phase shift between the
estimated result and the corresponding true value in Figs. 6 and 7.
This phase shift is due to the identification being conducted using the
range of data in the time intervals, that is � k k�m � 1 �,
� k� 1 k�m �; . . . ; � k� n � 1 k� n�m � 2 �, and so on, and
the results are plotted at the k, k� 1; . . ., and so on, time instances.

For further demonstration of the effect of noise on the identified
results, Figs. 8a and 8b compare the corresponding true values with
the identified damping and stiffness terms for the smoothly time-
varying system. They are estimated using random response data
corrupted with noise with different SNR values of 100, 50, 30, and

Fig. 5 Comparison of true value and the identified stiffness coefficient

K1�t� estimated for the abruptly time-varying system (SNR� 50).

Fig. 6 Comparison of true value and the identified stiffness coefficient

K1�t� estimated for the periodically time-varying system (SNR� 50).
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20. Results show that higher SNR response gives higher
identification accuracy. To have a quantitative discussion, the mean
absolute percentage error (MAPE) is defined as

MAPE � 1

N

XN
i�1

jPi � ~Pij
Pi

� 100%

in whichPi, ~Pi denote the true value and the identified value at the ith
time instance, N is the total sample number. TheMAPE of the time-
varying parameters of the above mentioned time-varying systems is
calculated using free response or random response and listed in
Table 1. It is noted that the errors (MAPE) increase with a decrease in
SNR for all three types of time-varying systems by using the free
responses or the random responses. The errors of identification of the
stiffness coefficients have good accuracy with all theMAPE values

smaller than 2%. However, the errors of identification for the
damping coefficients are larger with some of them larger than 15%.

VI. Conclusions

This paper addresses the identification of time-varying system
based on the state–space formulation. Existing methods based on
multiple experiments are improved to one that is based on only a
single experiment. A subspace-based physical parameter identifi-
cation algorithm is developed via free or random responses in this
paper. A series of Hankel matrices is established from only a set of
combined measurements of displacement, velocity, and acceleration
response signals. The time-varying equivalent state–space system
matrices at each time instance are then estimated using singular value
decomposition technique. A new time-varying transformation

Fig. 7 Comparison of true value and the identified stiffness coefficient

K2�t� Estimated for the periodically time-varying system (SNR� 50).

Fig. 8 Comparison of true value and the identified results estimated

using corrupted random response with difficult SNR for the smoothly
time-varying system.

Table 1 Error of identification (MAPE) with noisy data

SNR From free response From random response

Smooth Abrupt Periodical Smooth Abrupt Periodical

E1;% K1;% K1;% K1;% K2;% E1;% K1;% K1;% K1;% K2;%

100 9.051 0.334 0.843 0.205 0.374 6.493 0.375 0.708 0.297 0.401
50 17.621 0.325 0.944 0.204 0.409 9.562 0.401 1.109 0.339 0.406
30 27.361 0.288 1.046 0.397 0.374 15.691 0.512 0.861 0.639 0.585
20 31.073 0.522 1.173 0.380 0.434 18.255 0.612 1.106 0.689 0.624
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matrix is proposed to transform the identified equivalent system
matrices into the physical system matrices to determine the mass,
stiffness and damping matrices. This proposed identification
approach is the restriction to linear time-varying systems different
from the cited nonparametric approaches [27,28] that can deal with
time-varying linear or nonlinear systems.

A two-degrees-of-freedom lumpedmassmodelwith three kinds of
time-varying parameters is investigated. Numerical results show that
the proposed algorithmhas a good capability for tracking the smooth,
abrupt, and periodic changes of physical parameters of the system
when the response data is corrupted with noise. There is no false
alarm in the identified results for all other time-invariant physical
parameters. The identification errors become smaller when the
signal-noise-ratio increases. The estimated results from free
responses are, in general, more accurate than those estimated from
random responses at the same noise level. The estimated stiffness
coefficients have a better accuracy than that with the estimated
damping coefficients.
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